Two-body scattering is unimportant in cosmological gravitational clustering in most scenarios, as the dark matter has a small particle mass. The collective field should determine evolution: Two-body scattering in simulations violates the physics that is being modeled. We test for this, noting that a collisionless code will preserve the one-dimensional character of plane wave collapse. P 3 M, the workhorse of most cosmological N-body simulations, fails miserably unless its softening parameter is so large it becomes a PM code -which passes the test easily. This error calls into question all "high resolution" results in which forces are resolved below the mean interparticle separation. Since dark matter usually dominates the gravitational field in cosmological hydrodynamic simulations, these too will be affected. Some approaches to solving the problem are suggested, mostly involving greater computer power, PM-based nested grid codes, and a more conservative approach to resolution claims. We test a nested-grid code which achieves high resolution without becoming collision-dominated.
Introduction
It has been customary to compute gravitational force between discrete masses with a spatial resolution much finer than the mean interparticle separation, and to present results down to the force resolution scale. We show that this procedure introduces unphysical behavior inappropriate to the Poisson-Vlasov system of dark matter and may affect the results. The error becomes small only when the force resolution and particle separation scales are comparable.
In the limit of small particle masses, a system of self-gravitating masses is described by the Vlasov equation: the scattering of one particle off another becomes unimportant on any reasonable timescale, and the evolution approaches that of a continuous system with a time-dependent potential (Chandrasekhar 1942; Sellwood 1987) . However, N-body codes have a small number of relatively high mass particles compared to a Universe of unclustered dark matter. This can lead to a fluctuating force due to the passage of discrete particles, which scatters trajectories off the evolution they would follow in the limit of small m.
For mass density ρ = nm, the fluctuating force term due to near neighbors varies as mr −2 ≈ m 1/3 . This will induce chaotic divergence of orbits, even in an expanding background (Kandrup 1991) unless m is very small. Typically m is 60 or more orders of magnitude larger in the simulations than in the systems being modeled.
Possible errors introduced by two-body scattering include excess velocity dispersion, erasing velocity anisotropy, erasing physical substructure, and/or creating inappropriate substructure, etc. More generally, it will not be clear whether the ensemble converges to some or all of the properties of the right solution.
The mean-field approach to cosmological N-body computing is typified by particlemesh, or PM (Doroshkevich et. al 1980; Melott 1982; Klypin and Shandarin 1983) . The gravitational potential on a mesh and particles are moved in this potential. This method is fast -the limitation is usually computer memory and disk/backup space, not speed. The primary shortcoming is that there are no valid results below the mesh scale, since everything is smoothed, limiting the dynamic range. So far no errors have been reported other than this limitation. Short-range forces may be added to preserve the r −2 force law in close encounters. P 3 M (Particle-Particle-Particle Mesh) is the primary example (Hockney and Eastwood 1981) although other methods such as tree codes, and more recently codes based on adaptive mesh refinement (Pen 1995; Suisalu and Saar 1995; Gelato et al 1996) , have been used. These methods have been widely used to generate results one or even two orders of magnitude in length-scale below the interparticle separation. Generally this approach improves the resolution of the Green function for the Poisson equation (r −1 ) without improving the resolution of the source term. Often it is assumed that clustering results in roughly isotropic reduction of clump sizes, to justify such an approach. However, tests made by Kuhlman et al. (1996) do not support this assumption. Force law softening is used to prevent the formation of hard binaries which slow down the code, usually as (r 2 + ǫ 2 ) −1 , where ǫ is in units of the mean particle separation n −1/3 . Values of ǫ of 0.01 to 0.2 are common and results are usually presented down to ǫ. We will show that values of ǫ ∼ 1 are needed to do the physics correctly, in which case one might as well not add the short range forces.
Computer codes are often cross-checked for convergence, but a common assumption may lead to a common error. Agreement with exact solutions is better, but not easy. Linear growth rates are useful, but the nonlinear regime is more relevant. One useful approach is self-similar spherical infall against the Bertschinger (1985) solution, done by Peebles et al (1989) , Splinter (1996) , Villumsen (1988) and Gelato et al (1996) . There are limited options for exact solutions in an expanding background. Other useful tests include (a) checking for correct force (does not test ensemble behavior), (b) expansion of a void (avoids strong nonlinearity), (c) collapse of an ellipsoid (does not probe scattering after collapse), and (d) self-similar evolution (does not provide a rigorous test that the evolution is correct).
Comparison to a r −2 force law is nearly universal, while a few have chosen to test the expansion of a void (Peebles el al, 1989; Splinter 1996; Villumsen 1988) , even fewer test the collapse of an ellipsoid (Gelato et al 1995) , and several codes have been tested against self-similar evolution (Efstathiou et al 1985 and Villumsen 1988) .
One classic test for two-body scattering error is mass segregation. When particles of higher mass begin to settle to the inner parts of bound systems, this is evidence of equipartition proceeded by two-body scattering. Efstathiou and Eastwood (1981) found such segregation in P 3 M. However, this result seemed to be ignored in later simulations. Peebles et al (1989) verified that it could be suppressed in PM with a particle density of one per mesh unit. In an equal mass system, like most cosmological simulations, serious errors which occur will not result in segregation. Suisalu and Saar (1996) examined deflections and found an indication of a problem in a P 3 M code, but their approach did not show whether the scattering was due to the mean field or two-body fluctuations.
Plane-Symmetric Collapse
We suggest a new type of test: symmetry-breaking. Such an approach can test codes in the strongly nonlinear regime without needing an exact solution. We focus on a particularly simple system with a clear prediction: collapse of a single plane wave. Of course it could be two-dimensional collapse onto a filament or any other type of symmetric collapse. This has an exact solution up to shell crossing (Zel'dovich 1970; Shandarin and Zel'dovich 1989) , used by Efstathiou et al. (1985) in code testing. However, they worked only along coordinate axes, which causes only head-on collisions between particles, and the system was not followed deep into nonlinearity. It is clear that a properly modeled collisionless system with only one-dimensional perturbations should remain one-dimensional. This is the basis of our test. Falsification of this condition means the system is collisional or otherwise erroneously scattering particle orbits.
We make the test more demanding and relevant by tilting the plane of collapse relative to symmetry planes of the simulation cube, allowing finite impact parameter (b > ǫ) encounters between particles, as needed in general-purpose clustering studies. Initial conditions were set up by installing a single perturbation wave k = (2, 3, 5)k f (where k f is the fundamental wavenumber) by Fourier transform on a grid of 64 3 particles. We began with an amplitude δ ∼ 0.1, and evolved for an expansion factor of 7 after the first shell crossing, during which time the collisions can happen. While the physical system should have no scattering, the near misses may allow it to appear numerically. The role of the symmetry is only to make it detectable. To perform the comparison we used a PM and a P 3 M code (the latter kindly supplied by H. Couchman (1991) , the former ours. We performed otherwise identical P 3 M runs with ǫ = 0.01, 0.1, and 1.0 in units of the mean interparticle separation. In order to clarify the test, the adaptive smoothing length capability of the P 3 M was turned off as suggested by Gelb and Bertschinger (1994) ; if it were on the scattering behavior of the code could only become worse. We also tested a Nested-Grid Particle-Mesh (NGPM) code. This is essentially PM inside PM, described in Splinter (1996) . It had a refinement factor of 8, putting it close in spatial resolution to the ǫ = 0.1 P 3 M run, but with greatly increased mass resolution. Figure 1 shows the overall configuration of the system (with the PM code) after collapse (all 64 3 particles are shown here). All runs were similar in general. Difference in detail is shown in Fig. 2 , in which slices encompassing one collapsed planar region are shown projected normal to the axis of the initial perturbation. The only inhomogeneity should -7be projection of the initial lattice onto this plane. The correct particle locations are shown in the slice labeled "Correct". Two of the three P 3 M runs show strong clumping, which suggests scattering error as the point masses pass each other. We checked our results against other runs done with 32 3 particles and the same ǫ. The results were slightly worse as would be expected on general principles (e.g. Hockney 1971) .
We use as a quantitative measure the distribution of particle velocities. They should be strictly normal to the planes; we separate them into components along the normal and in the plane. The correct result is a line along the V norm axis. This is approached only by PM, NGPM, and P 3 M as the short-range force is turned off. With ǫ = 0.1, the most common choice, the error is large. ǫ = 0.01 produces spectacularly bad results.
The relative error can be made somewhat more quantitative by specifying the percentage of the median speed in the plane V plane = V 2 p1 + V 2 p2 to the median speed along the normal. This number is 5.8%, 2.1%, 81%, 73%, and 8.1% for the PM, NGPM and P 3 M with ǫ = 0.01, 0.1, and 1.0 respectively.
Another measure is the kinetic energy. The portion due to motion in the plane as a percentage of the normal is then 0.3%, 0.1%, 125%, 31%, and 0.2% (the correct result is 0; total isotropy would imply 200%) for the PM, NGPM and P 3 M with ǫ = 0.01, 0.1, and 1.0 respectively. The total kinetic energy of the ǫ = 0.01 run is about an order of magnitude higher than the others.
Discussion
We have shown that the method in most widespread use for computational gravitational clustering in cosmology performs incorrectly on a simple test problem. By no means do we wish to suggest this has anything to do with the particular version of P 3 M we used. It is a consequence of trying to model a continuous system with discrete masses. Even a PM code will be collisional if there are many fewer particles than cells (Peebles et al. 1989 ). The PM and NGPM methods as normally used are able to handle this test because there is no evasion of the discreteness limitation. Better resolution requires more particles and mesh sites.
Our results call into question all results based on P 3 M, tree codes, or any particlepushing methods with over-extended force resolution. Since they all share the scattering physics, they all fail to reproduce an essential feature of collisionless dynamics. As convergence to the proper behavior is very slow, past comparisons by varying particle number have not revealed this. Coupling these incorrectly evolved systems to hydrodynamics will guarantee that the hydrodynamics is being done in the wrong background gravitational potential.
To further complicate the issue Steinmetz and White (1996) have recently demonstrated that discreteness effects in the dark matter particles can produce spurious heating of the gaseous component of cosmological simulations in a coupled N-body/hydrodynamic code. Actually our ratios of kinetic energy estimate this effect.
Questions may be raised about the relevance of our example. Galaxies are not infinite planes. However, the first collapse on any scale is expected to be sheet-like (Shandarin et al. 1995; Kuhlman, et al. 1996) so there is ample opportunity for this situation to arise. Furthermore, collisionality is general; our planar collapse study simply makes it starkly obvious.
We do not claim the effect will move to larger scales. Little et al. (1991) , and Melott and Shandarin (1993) have shown that small scale effects do not propogate to large scales.
However, the errors would only stop growing in voids or in regions where the particle density exceeds ǫ −3 .
One might hope that realistic cosmological scenarios with power on all scales might avoid this problem. Impressed perturbations might overwhelm discreteness if the spectrum is normalized to the shot noise level at the particle Nyquist frequency (Efstathiou et al. 1985) . We tested this by putting in a plane wave close to the particle Nyquist frequency, at the white noise amplitude, again inclined. Again we found strong scattering in our ǫ = 0.1 P 3 M run, and essentially none in PM. At this short wavelength the resolution limitations of PM show themselves in its lower velocity dispersion. But neither can P 3 M claim to be producing the correct result, in spite of its CPU-intensive effort at building "resolution."
While PM does not follow the physics on smaller scales, P 3 M follows the wrong physics. Suto (1991) examined the divergence of particle trajectories in a variety of direct N-body cosmological simulations with varying n and ǫ. He found they were all chaotic with trajectories diverging as e λt in comoving coordinates. λ was numerically fit as λ = 0.05
The relevant question is whether this matters in practice. Requiring e λt H < ǫ, where t H is the Hubble time says that particle discreteness does not induce chaos on the force resolution scale ǫ. The solution is ǫ ∼ > 1, in perfect accord with our results on the elimination of the extra short-range force, and consistent with the findings of Suto (1991) and Suisalu and Saar (1996) .
Obviously the magnitude of the effect we have seen will vary with the orientation of the plane of collapse relative to the grid planes. In general, systematic studies of numerical symmetry breaking, used on plane, filamentary, spherical, or other special cases can be useful tests of any code.
We believe that the best hope for better force and mass resolution while doing correct Each plot contains the same number of points; many are superimposed. Note the two P 3 M plots for ǫ = 0.01. The second plot with the enlarged axes lies in the same position as the "correct" slice in Figure 2 , but shows the severe distortions to the particle trajectories.
